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Abstract

We examine how the number of models respecting marginality in model selec-
tion using Maximum Likelihood Conjoint Measurement (MLCM) varies with the
number of dimensions tested and explain the logic for determining this number.
The results are related to Dedekind numbers, which increase super-exponentially,
and, thus, suggest a limit to the number of dimensions that can be practically
tested using the MLCM paradigm.
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1 Introduction

How organisms integrate features along different sensory dimensions and across modal-

ities is a fundamental problem in perception that is often studied in the context of cue

combination (Ernst & Banks, 2002; Oruç, Maloney, & Landy, 2003; Young, Landy,
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& Maloney, 1993). Such experiments often require the subject to match or estimate

sensory magnitudes (e.g., Badde, Navarro, & Landy, 2020). Maximum Likelihood

Conjoint Measurement (MLCM) provides an alternative approach in which observers

only make ordinal judgments between stimulus pairs and in which perceptual scales

associated with multiple stimulus dimensions can be assessed within a single exper-

iment. The method has seen extensive use recently in vision experiments that deal

with topics as diverse as perception of surface and illuminance properties (Aguilar &

Maertens, 2018, 2022; Chadwick, Cox, Smithson, & Kentridge, 2018; Emrith, Chantler,

Green, Maloney, & Clarke, 2010; Hansmann-Roth & Mamassian, 2017, 2025; Harvey

& Smithson, 2021; Ho, Landy, & Maloney, 2008), color perception in adults (Devinck

& Knoblauch, 2023, 2025; Rogers, Knoblauch, & Franklin, 2016; Xie & Fairchild,

2023) and infants (Rogers, Franklin, & Knoblauch, 2018), texture regularity (Sun, St-

Amand, Baker Jr, & Kingdom, 2021), blur perception in color vision (Kingdom, Bell,

Haddad, & Bartsch, 2015), face perception in aging (Fitousi, 2021), time constancy

(Lisi & Gorea, 2016), perception of numeric magnitude (Fitousi, 2022) and multi-

modal integration (Abbatecola, Gerardin, Beneyton, Kennedy, & Knoblauch, 2021;

Abbatecola, Kennedy, & Knoblauch, 2025).

While estimation of sensory magnitudes is rapid and often generates results in

agreement with those based on ordinal judgments (e.g., Devinck & Knoblauch, 2023,

2025), ordinal judgments are generally easier for subjects to perform, require minimal

task demands (Firestone & Scholl, 2016) and constrain underlying perceptual scales

with fewer assumptions on the observer’s decision processes and on the properties

of the underlying scales (Victor, Aguilar, & Waraich, 2025). MLCM is an extension

of Conjoint Measurement (CM) that was orignially formulated to demonstrate that

continuous scales can be derived from psychological judgments (Luce & Tukey, 1964).

Specifically, MLCM extends CM to include a model of error that the original theory

was lacking, to facilitate its use empirically.
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The psychophysical paradigm involves ordinal comparisons between pairs of stim-

uli that covary independently along multiple stimulus dimensions. The underlying

perceptual scales and their mutual influences are estimated to maximize the probabil-

ity of the observer’s choices across all experimental trials using a maximum likelihood

procedure that incorporates a signal detection model of the observer’s decision process

(Green & Swets, 1966/1974). While the probability model depends on binary choices

(paired-comparisons), the set of decision models forms a nested hierarchy equivalent to

that obtained in a d–way factorial analysis of variance, including main effects for each

dimension and their interactions potentially over multiple orders. Here, we describe

how the number of dimensions manipulated as independent variables determines the

number of nested model comparisons available to test.

2 Results

In our recent article (Devinck & Knoblauch, 2025), we presented an equation for

calculating the maximum number of models that might be tested in a d–dimensional

comparison in an analysis of data using MLCM that provides correct values for the

small models that we analyzed in our paper, i.e., using 2 or 3 stimulus dimensions,

but not for models using d > 3 stimulus dimensions.

The equation that we gave for the number, N , of possible models respecting

marginality conditions is

N(d) =

d−1
∑

k=0







d

k






(2d−k

− 1) (1)

where d is the number of dimensions tested. For values of d equal to 2 and 3, the

equation yields the correct values of 5 and 19, respectively, but not for higher val-

ues. For example, the equation gives the values of 65, 211 and 665 for d = 4, 5 and

6 respectively, whereas the correct values are 167, 7580 and 7828353. We verified the
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correct value for d = 4 by brute force using the dredge function from the package

MuMIn (Bartoń, 2025) in the openSource software R (R Core Team, 2025) that gen-

erates all models respecting marginality for automatic model selection. This function

only works, however, for models having up to 4 main effects. To understand the rapid

growth of the correct values requires additional explanation.

The question is, given a d–factor experiment, how many nested model sequences

can be evaluated (see also Nardi & Rinaldo, 2012, for a discussion of this issue in

the context of log-linear models.)? Specifically, in nested likelihood ratio testing, a

model is evaluated against a similar model with one term from the higher order model

removed or set to 0 with all other marginal terms retained (Knoblauch & Maloney,

2012; Wilks, 1938). For example, the last column of Table 1 lists all possible models

respecting marginality for a 2–factor experiment with factors a and b. The 4 model

terms are indicated in the heading with the 1 indicating an intercept and the term a:b a

2–way interaction. The significance of the 2–way interaction can be tested against the

additive model by comparing the models in rows 5 and 6. The additive model contains

all of the terms in the column heading except the interaction. Similarly, the additive

model can be compared with either of the 1–factor models (row 3 or 4), and each of the

1–factor models with the intercept (row 1). The model relations might also be depicted

in a hierarchical graph or Hasse diagram with the two main effects models (rows 3

and 4) on the same level (Figure 1), illustrating the marginality relations more clearly.

An example of a model comparison not respecting marginality would be comparing

the model 1 + a + b + a:b with 1 + b + a:b. The a term marginal to the interaction

is missing. Note that there are 5 such nested models that can be described. In a 3-

factor model there would be 19, as we illustrated previously (Devinck & Knoblauch,

2025). With so many model comparisons to perform, the issue of conducting multiple

hypothesis tests also arises. We treat that problem elsewhere (Devinck & Knoblauch,

2025).
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Table 1 Boolean sequences for
inclusion/exclusion of terms for all models of
a 2–way factorial experiment. The 0/1 in
columns 2–5 indicate the absence/presence of
a model term and the Model column indicates
the model specification for that row using R

formula notation. All pairs are monotone
except rows 3 and 4. However, these are
monotone with the other rows above and
below them.

1 a b a:b Model

1 0 0 0 0 ∼ 0
2 1 0 0 0 ∼ 1
3 1 1 0 0 ∼ 1 + a
4 1 0 1 0 ∼ 1 + b
5 1 1 1 0 ∼ 1 + a + b
6 1 1 1 1 ∼ 1 + a + b + a:b

1

a b

a + b

a + b + a : b

Fig. 1 Hasse diagram for the hierarchical arrangement of models from a 2–d MLCM experiment

The 0’s and 1’s in Table 1 are Boolean variables indicating the absence or presence,

respectively, of a model term. For models to be nested, the columns must follow a

monotone Boolean sequence. This means that within a column, passing from row to

row, the sequence can be 0 to 0, 0 to 1 or 1 to 1 but not 1 to 0. For a pair of models

5
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to be nested, all columns must be monotone between the two rows. Thus, rows 3 and

4 do not form a monotone sequence, but 3 and 5 and 4 and 5 do. Such sequences are

counted by Dedekind numbers (Dedekind, 1897), and they grow super-exponentially

with the number of factors. Interestingly, the highest Dedekind number computed

until now is 9, contains 42 digits and has been determined only recently (Jäkel, 2023;

Van Hirtum et al., 2024).

The monotone Boolean sequences include the model in which all terms equal 0,

row 1, but such a model is only exceptionally of interest in statistical comparisons.

With MLCM, the null model corresponds to the situation for which the probability

of a choice is independent of all of the dimensions, i.e., row 2 in Table 1. Thus, the

number of models in which we are interested is one less than the Dedekind number or

5 in this case.

Kisielewicz (1988) derived the following equation to calculate Dedekind numbers

M(d) =

22
d

∑

k=1

2d−1
∏

j=1

j−1
∏

i=0



1− bki b
k
j

log
2
i

∏

m=0

(1− bim + bimbjm)



 , (2)

where bki is the ith bit of the number k in base 2 and the log2 value of the upper limit

of the innermost product is truncated to the nearest integer. However, the formula

is only useful for calculating low values. For example, using an inline C++ script

embedded in R via the package Rcpp (Eddelbuettel, 2013) (shown in the code below),

the formula is accurate for values up to d = 4, afterwhich the upper limit of the

summation overflows the size of the default 32-bit integer and yields incorrect values.

l i b r a r y ( Rcpp )

cppFunct ion (

’ doub l e DdkndNum( i n t n ) {

doub l e ksum = 0 . 0 ;

i n t k max = 1 << (1 << n ) ;

6
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i n t j max = (1 << n ) − 1 ;

f o r ( i n t k = 1 ; k <= k max ; ++k ) {

doub l e j p r o d = 1 . 0 ;

f o r ( i n t j = 1 ; j <= j max ; ++j ) {

doub l e i p r o d = 1 . 0 ;

f o r ( i n t i = 0 ; i < j ; ++i ) {

i n t i i = ( i == 0) ? 1 : i ;

doub l e mprod = 1 . 0 ;

f o r ( i n t m = 0 ; m <= f l o o r ( l og2 ( i i ) ) ; ++m) {

mprod ∗= (1 − b i k (m, i ) + b i k (m, i ) ∗ b i k (m, j ) ) ;

}

i p r o d ∗= (1 − b i k ( i , k ) ∗ b i k ( j , k ) ∗ mprod ) ;

}

j p r o d ∗= ip r o d ;

}

ksum += jp r od ;

}

r e t u r n ksum ;

}

’ , i n c l u d e s = ’ i n t b i k ( i n t i , i n t k ) {

r e t u r n ( k / (1 << i ) ) % 2 ;

} ’ )

3 Discussion

Considering the combinatorial complexity demonstrated here, MLCM experiments

have mostly employed just 2 dimensions, but a few have used 3 (Devinck & Knoblauch,

2025; Hansmann-Roth, 2026; Sun et al., 2021). Thus, the issues considered above do

not affect the overall results or interpretations in our paper. Given the number of
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possible models to evaluate, however, it is unlikely that 4 or more dimensions would

be attempted (the exception being, perhaps, if there are only a small number of a

priori hypotheses of interest), but in the spirit of general understanding and giving

pause to researchers planning large MLCM experiments, we thought that it would

be of interest and value to describe the logic of the more general solution to this

problem. The full list of known Dedekind numbers is available on the Wikipedia page

for Dedekind number (https://en.wikipedia.org/wiki/Dedekind number).
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0042) of Université de Lyon (ANR-11-IDEX-0007) operated by the French National

Research Agency. We thank J. S. Werner and L. T. Maloney for feedback on an earlier

draft of this text.

Declarations

• Funding: LABEX CORTEX (ANR- 11-LABX-0042) of Université de Lyon (ANR-
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